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Abstract 

Sequence-set betting is defined and an algorithm is described that 
constructs two sequence-set betting strategies such that on every non- 
Martin-L6f random sequence at least one of the strategies predicts the 
sequence. 

1 Definition of sequence-set betting 

A sequence-set betting strategy R can be defined as a pair of functions m R and 
S R . The mass function m R is a function from words (finite binary sequences) to 
rationals and the sequence-set function S R is a function from words to clopen 
sets of infinite binary sequences. For function m R we require that m (vO) + 
m R (vl) = m R (v). For function S R we require that S R (vO) U S R (vl) = S R (v) 
and that X(S R (vO)) = X(S R (vl)) — hX(S R (v)) where A is the Lebesgue measure 
of the set. A strategy R is total if m and S R are defined for every word and it 
is computable if both functions are computable. The capital gained by strategy 
R on set of infinte sequences S R (v) is m R (v)/ X(S R (v)). An infinite sequence 
a is predicted by strategy R if there is an infinite set of words Vx, i>2 , . . . such 
that a £ S R (vi) and m R (vi) / X(S R (vi)) > i. In other words a is predicted by 
R if strategy has unbounded gain of capital while betting successively on a. A 
sequence-set betting strategy R can be viewed as a set of triplets (v, S, m) where 
v is a word, S is a clopen set of infinite binary sequences and m is a rational. 
For a triplet t we denote the word with w(t), the set of sequences with S(t) and 
the mass with m(t). 

2 Algorithm that constructs two sequence-set bet- 
ting strategies 

Theorem: There are two total and computable sequence-set betting strategies 
such that every non-Martin-L6f random sequence is predicted by at least one of 



the strategies. 

2.1 Algorithm overview 

An algorithm constructs two sets of quintuples A and B that define two total 
and computable sequence-set betting strategies R A and R B . A quintuple q = 
(v, S,ms,me, L) consists of a word v, clopen set of sequences S, and rational 
values ms, me, L. We denote them with w(q), S(q), ms(q), me(q), L(q) 
respectively. We'll call the quintuples nodes. A triplet t of a strategy is defined 
by a node q as w(t) = w(q), S(t) = S(q), m(t) = ms{q) +me(q). The algorithm 
iteratively adds nodes to both sets A and B. For each word v and any of the 
sets A or B there is some computation step at which a node q is added to the 
set such that w(q) — v . For nodes q, q' we say that q is a child node of q', 
q' -< q if the word w(q') is a prefix of word w(q), w(q') -< w(q). A node in the 
set of nodes is a leaf node if there are no child nodes for that node in the set. 
For a set of nodes Q define the set of leaf nodes as LN(Q) 

LN(Q) = {q:qeQ,Vq' EQ, q^ q'} 

Initialy the algorithm adds the node a to set A, A = {a} and node b to set B, 
B = {b} such that the word of the node is an empty word e, w(a) = w(b) = e. 
In the following computation steps the algorithm adds pairs of nodes qo,qi to 
one of the sets A, B. The nodes are such that if pair is to be added to set A 
there is a leaf node q, q £ LN{A) (if the pair is to be added to B then there is 
q £ LN(B)) and 

w(q ) = w(q)0, w(qi) = w(q)l 

S(q) = S(q ) U S( qi ), \(S(q )) = X(S(qi)) 

ms(q) — ms(qo) + ms(qi), me{q) = me(qo) + me{q\) 

The input for an algorithm instance are words v a , Vb the basic interval w and 
the rationals m a , nib. An initial node a is added to A such that w(a) = 
v a , S(a) = w, ms(a) + me(a) = m and an initial node b is added to B such that 
w(b) — Vb, S(b) — w, ms{b)+me(b) — m. We start the algorithm by running an 
instance of the algorithm with inputs v a = Vb = e, w = {0|1}°°, m a = = 1. 
The algorithm instance calculates value k from (w, m a ,mb) and enumerates a 
disjunct set of basic intervals P = {pi,P2, ■ ■ ■}, Pi C w , such that for each 
infinite sequence a that has a fc-compressible prefix and a £ w there is some 
Pi, a £ pi and X(P) < 2~ fe+1 . In each iteration i of the algorithm instance, pi 
from P is enumerated. Denote with P n the union of so far enumerated intervals, 

n , 

P n = U pi where n is the number of iteration and Pq = {}. Define LTS£ as 

*=i 

the set of leaf nodes u in A at the beginning of iteration n such that a < u and 

%)nP„-i = {} 

LTS A = {u:u£ LN(A), a ± u, S{u) n P n -i - {}} 
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and define LTS„ as the set of leaf nodes v in B at the beginning of iteration n 
such that b ■< v and S(v) n P n -1 = {} 

LTS% = {v:ve LN(B), b ± v, S(v) n P n -i = {}} 

For nodes u, u G LTS^ a finite set of child nodes is added to ^4 and for 
nodes w, v G LTS^ a finite set of child nodes is added to B during iteration 
n. The added child nodes are such that for the added leaf nodes v! at the 
end of iteration n in A, {u' : u' G LN(A), 3u G LTS^, u -< u'}, we either 
have S(u') (1 p n — {} or S(u') C p„, and for the added leaf nodes v' in £>, 
{«' : v' G LN(B), 3v G LTS^, v ~< v'}, we either have S(u') np„ = {} or 
5*(v') C p„. Furthermore for leaf node v! such that S(u') C p„ there is a leaf 
node w' in _B such that S(v') — S(u') — w' where w' is a basic interval, w' C p n . 
For these nodes we also have that ms{u')+me{u') > 0, ms(«') + me(«') > and 
max(ms(u')+me(u'),ms(v')+me(v'))/X(w') > 2max(m a ,mb)/\(w). In other 
words at end of iteration n there will be some set of basic intervals {w\, . . . , w z } 

such that pi — U Wj and for each wj there will be two nodes u', v', one in each 

strategy, such that S(u') = S(v') = Wj and at least one of the nodes doubles 
the initial capital of the algorithm instance. These node pairs are the initial 
nodes of another algorithm instances. The leaf nodes at the end of iteration 
n are the leaf nodes at the beginning of iteration n + 1. Note that we have 
U S(u) = U S(v) = w \ P n . It remains to show that algorithm 

instance can calculate k from the inputs and that it can at least double the 
capital on the infinite sequences in the set P. 



2.2 Initialization step 

The input for an algorithm instance are words v a , Vb the basic interval w and 
the rationals m a , nib- Set the number of iteration n = 0. Define 

m = min(m a , mb)/2 

Add initial node a = (v a ,w, m, ra a — m, 0) to the set of nodes A. Add initial node 
b = (vb, w, to, nib ~ to, 0) to the set of nodes B. We have that ms(a) = ms(b) = 
m, the tos is the part of the mass used by the algorithm instance to increase 
the capital on infinite sequences in P and the remainder me is the reserved part 
of mass that ensures that all nodes have mass greater than 0. The me part of 
mass is distributed evenly among the child nodes. In all iterations n for nodes 
a' G LTS^, a < a! we have me(a') = ^fej^ me{a) and analoguosly we have 

for nodes b' G LTS^ L , b -< b' me(b') = me(b). The capital gained on the 

infinite sequences in P will be at least c = 2(m a + mb)/X(w) for at least one 
of the strategies R A , R B . We choose the value k such that the measure of the 
enumerated set P is 
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Where cs is some predetermined constant < cs < 1. At the begining of 
iteration n for leaf nodes a' G LTS A ,b' G LTS% such that S(a') D S(b') ^ {} 
we will have 

X(w)X(S(a') n 5(6')) < (1 + cs)(A(5(a')) + L(a'))(A(5(6')) + £(&')) (2) 



X(w)X(S(a') n 5(6')) > (1 - es)(A(5(a')) + L(a'))(A(S(6')) + £(&')) ( 3 ) 

In particular, at the begining of first iteration, n = 1 , we have only one leaf 
node a' in A such that a < a! , the node a itself, a' = a and in -B we have 
only one node b' , such that b < b 1 : the node 6 itself, b 1 = b and we have 
AHA(S(a') n 5(6')) = (A(5(a')) + L{a')){\{S{b')) + L(b')). 

2.3 Iteration of the algorithm 

Increment the number of iteration n := n+ 1. Enumerate the next basic interval 
p n G P. Next we add child nodes to all u G LTS A such that there is v G LTS B 
such that 5(u) n S{v) Hp n ^ {} and 5(u) n 5(u) p n . Define L7W,f as the 
set of leaf nodes in A such that a ^ u and 5(it) n P n _i = {} after these child 
nodes are added in iteration n. 

LTN A = {u : u G LN(A), a<u, S{u) n P„_i = {}} 

The leaf nodes u G £TiV ? f , v G iT5^ for which we have S(u) D S(v) Dp n ^ {} 
we also have S(u) n 5(u) C p„. For u G LTN A , v! G LTS a , u' < u we have 

A(5(u)) , 
A(5(m')) 

A(5(m)) , 
= A(5R)) L(M } (5) 

The clopen sets S(u) for u G LTN A are such that the ([2]) and ([3]) are valid 
for nodes u G LTN A , v G £TS^, S(u) n 5(v) ^ {}. The construction of 
sets of sequences for nodes in LTN A is described in 12.5.11 Next we iterate 
in any order through pairs of leaf nodes (u, v), u G LTN A , v G LTS B for 
which we have S(u) n 5(u) C p„ and determine which of the strategies will gain 
capital of at least c on infinite sequences in the intersection S(u) nS(v). Denote 
with d (u, v) the part of mass ms(u) assigned to the intersection S(u) HS(v) by 
strategy A and with d B (u, v) the part of mass ms(v) assigned to the intersection 
by strategy B. Initialy set d A (u,v) — d B (u,v) = 0. Denote with ms'(u) — 
ms(u) — ^2 d A (u,v), initialy we have ms'(u) = ms(u). Analoguosly for B 

veLTSB 

denote ms'{v) — ms(v) — d B (u 7 v), initialy ms'(v) = ms(v). 

u£LTN£ 
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Mass assignment step (MAS): Pick some leaf node pair (it, v), u £ 
LTN£ 7 v £ LTS£ for which we have S(u) n S(v) C p n and d A {u,v) = 
d B {u,v) =0. If 

(ms'(it) - 2cA(S , (u) n S(v)))/(S(u) + £(«)) > ms'(v)/(A(S'(w)) + £,(«)) 
then set 

d B (u, «) = 0, d A (u, «) = 2cX(S(u) n S'(w)) 

If 

ms'(u)/(S(u) + L(u)) < (ms'(j)) - 2cX(S(u) n S(«)))/(A(5(«)) + 
then set 

d A (u,w) = 0, d B (u,v) = 2cA(S(u) n £(«)) 
Otherwise find da, d& such that 

da + db = 2cX(S(u) n S(v)) 

and 

(ms'(u) - do)/(5(«) + L(u)) = (ms» - db)/(\(S(v)) + L(v)) 

then set 

d" 4 (it, v) — da, d B (u,v) = db 

If we haven't iterated through all leaf node pairs for which S(u) n S(v) C p n 
goto MAS. 

For the leaf nodes u' £ LTN^ and v' £ LTS B we add child nodes to A and 
B. The child nodes added to A are such that for the leaf nodes we have 

u £ LN(A), 3u' £ LTN£, u' -< u ^ S{u)n Pn = {} ¥ S(u) C p„ (6) 

Analoguosly for child nodes added to -B we have that the leaf nodes v £ 
LN(B), 3v' £ LTS B , v' -< v are such that either S(v) (lp n = {} or S(v) C p n . 
For the leaf nodes such that S(u) n p n = {} we set 

ms(u) = ms'(u') X(S(u))/ X(S(u') \ p n ) (7) 

L(u) = (£(«') + A(S(u') n p„))A(5( U ))/A(5(n') \ p„) (8) 

and anloguosly for the leaf nodes in B such that S(v) P\ p n = {}. The sets 
S(u) and S(v) are such that the © and © are valid if S(u) n 5(u) ^ {}. The 
construction of sets of sequences for the child nodes that are added to A and B 
is described in 12.5.21 

For the leaf nodes such that S(u) C p n there is a leaf node v in B v £ 
LN(B), 3v' £ LTS£, v' -< v such that S(v) = S(u) = w' where w' is 
some basic interval that contains sequences from p n , w' C p n . The nodes 
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u, v are the nodes added in the initialization step of a new algorithm in- 
stance. If the sequence set of a node is a subset of enumerated interval p n , 
some mass might be left unassigned after MASs. Denote the unassigned mass 

f a I \ i\ j ms '(l) iIS{q)Qp n 

of a node q with um(q), urayq) = < . We set m a — 

I otherwise 

^gjme(a) + d A (u / , v')X(S(u))/X(S(u') n S(v')) + um(u')X(S(u))/X(S(u')) and 

m b = ^me(b)+d B (u\v')X(S(v))/X(S(u')nS(v')) + um(v')X(S(v))/X(S(v')) 
and we start another instance of the algorithm for inputs (it, v, w', m a ,mb). 

If after some MAS for pair a',b' the values ms'(a'), ms'(b') become non- 
positive then the algorithm fails to assign enough mass to the intersection in 
order to at least double the capital on the infinite sequences in the intersection. 
If we can proove that this never happens we have prooven the theorem. 

2.4 Proof 

Define a function 



indi(v) 



i if ve LTS? 

undefined otherwise 



Denote the leaf node pair (a 1 , b') picked in jth MAS of iteration i with lnp(i,j), 
lnp(i,j) = (a',b'). For some iteration i, node v 6 LTSf and MAS j denote 
with E v j the set of leaf- nodes from strategy A that have been picked up to and 
including step j. 

E v> j — {u : Be 6 lnp(indi(v) , e) = (u,v)} 

Denote the remaining mass for node a' e LTN t A after MAS j with ms^a'). If 
mSj(a') < msj-i(a') then there is some b' 6 LTSf, lnp(i,j) = (a',b') such 
that S(a') n S(b') C pi and d A (a' , b') = msj_i(a') - msj(a'). Denote with / the 
value 

/ = ^1 TOS (a ')/( A (S( a ')) + L{a')) 
m 

and with /' the value 

f> = ) ^l m s j {a!)/(X(S(a')) + L{a')) 
m 

Denote const — ..J n S\7, c ^ v i ■ We show in 12.5.31 that 

X(S(a , )nS(b'))+L(b')+ A(5(u)n5(6')) > const{l - /')(/ - /') (9) 

ueE b , J _ 1 

Assume that in some iteration r and after some MAS t for some leaf nodes 
a' E LTN A mst(a') < 0, ms t -\(a') > . Denote with F the set of node pairs 
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(u, v) such that in some iteration i and MAS j the value d A (u, v) > and u < a' 
and i < r. 

F = {(u,v) : 3i,j, i < r, lnp(i,j) = (u,v), u ^ a', d (tt, u) > 0} 
Define a function 



indj(u, v) 



We show in 12.5.41 that 



j lnp(i,j) = (u,v) 

undefined otherwise 



(X(S(u)nS(v)) + L(v)+ Yl X(S(u')nS(v))) < A(P r ) 

(«,«)£? u'eE vAndi ( Ui „)_i 

We show in 12.5.51 that by summing the expression ^ over the node pairs in F 
we have 

Y (X(S(u)DS(v))+L(v)+ X(S(u') n S(v))) > const/2 

(u,v)£F «'£E„,™dj(u,»)-i 

It follows that \(P r ) > const/2 which is in contradiction with ([T]) from which 
follows that in all iterations and MASs and for all leaf nodes a',b' ms'(a') > 
0, ms'{b') > 0. 



2.5 Proofs for used statements 
2.5.1 

The leaf node a' G LTS A has intersection with some set of leaf nodes {6i, . . . , b z }, 
bi e LTS^ , S(a') n S(bi) ^ {} and S(a') = U S(a') n Sfc). We have that 

i— 1 

for all i G [1, . . . , z) $2$ and ([3]) are valid for node pair a' , bi. If for some i the 
intersection S(a') n ^(fei) contains both the sequences in the enumerated basic 
interval p n and the sequences which are not in p n , we add child nodes to node 
a'. The added child nodes are such that there are 2 m leaf nodes u, a' -< u. The 
measure of the leaf nodes sequence-set is X(S(u)) — X(a')2~ m . The value L(a') 
is evenly distributed ammong leaf nodes, L(u) = 2~ m L(a'). For alH G [1, . . . , z] 
and all the added leaf nodes u the intersection S(u) n S(bi) contains either the 
sequences in the p n or the sequences which are not in p n and the node pair u, bi 
satisfies the equations © and 

In order to determine the sequence-set of the leaf nodes u we construct z2 m 
disjunct, finite sets of basic intervals VS* where i G [1, . . . ,z] and j G [1, . . . , 2 m \. 
Denote the union of basic intervals e in VSj with UVSj = [J e. If we index 

the added leaf nodes U\ through U2mthen UVSj will correspond to intersection 
S(uj) n S(bi). The requirements for VS* are: 
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(Reql) Vt,tG[l,...,«], [jUVS 1 ^ S{a')nS(h) 
(Req2) Vj, j e [l,...,2 m ], A( Q CWS}) = 2-™A(S(a')) 

i=l 

(Req3) Vi,iG [l,...,z],Vj,jG [l,...,2 m ] 

((Ve G VS) e C p„) Y ( Ve e en P „ = {})) 

(Req4) Vi,iG [l,...,z],Vj,jG [1,...,2™] 

X(w)X(UVS}) 
2--(A(SV)) + L(a'))(A(5(^)) + £(&,)) ^ 



From (Reql) we have that every sequence from the sequence-set of node a' is 

z 2 m 

contained in some basic interval e of some set VSj since S(a') = U U UVSj. 

i=ij=i 

From (Req2) we have that the measure of the sequence-set for the added leaf 



nodes u is \(S(u)) = A(a')2~ m since S(uj) = [j UVS). From (Req3) we have 

i=l 

that for all the added leaf nodes Uj the intersection S(v,j)nS(bi) contains either 
the sequences in the p n or the sequences which are not in p n since S(uj)PiS(bi) — 
UVSj . The (Req4) shows that the equations © and ([3]) are valid for node pairs 
Uj , h since X(S( Uj )) + L( Uj ) = 2- m (X(S(a / )) + L{a')). 

Next we construct the sets of basic intervals V Sj . Denote with 

X(w)X(S(a')nS(bi)) 



(A(SV)) + L(a'))(X(S(bi)) + L{b t )) 

We have from ^ and ((3]) that 1 - cs < £j < 1 + cs. 

Find h such that 1 - cs < U - 2~ h+1 and U + 2"' l+1 < 1 + cs for all i G [1, z]. 
Since S(a'), S(bi) and p„ are clopen sets there is some d such that S'(a') = 

U Vj where Vj is a basic interval such that X(vj) = 2~ l( - w( - a and Vj C 
i=i 

^(a') l~l for some z G [1, 2] and either Vj C p n or Uj n p n = {}• 

Set m = 4d + /i + 1 where 2 m is the number of the added leaf nodes. 
Denote the set of basic intervals v of measure A(<u) = 2~ l ^ a '^- d which arc 

contained in seqence-set of node a' with V 

V = {v: AO) = 2- l ^ a '^- d , v C 5(0')} 

We have that the number of intervals in V is 2 d . Denote with n the number 
of basic intervals in V which are subsets of the enumerated interval p n and are 
subsets of the intersection S(a') n S(bi) 

n = \{v : v G V,u C S(a')nS(bi),v C p„} 
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and with gi denote the number of basic intervals in V which don't contain 
sequences from p n and are subsets of the intersection S(a') n S(b{) 

9l = \{v : v £ V, w C S(a') n 5(6*), « D p n = {}}\ 

z 

Then (»"» + 5i) = 2 d . Denote the set of basic intervals v of measure X(v) = 

i=l 

2-i(«>(o ))-d-m-h wn i cn are contained in seqence-set of node a' with VS 

VS = {us : ws C S(a'),A(t«) = 2 -'("'( Q '))- d - m -' 1 } 

These are the intervals that will be distributed ammong the sets VSj. Denote 
the intervals from VS that are contained in intersection S(a') f~1 S(bi) C\p n with 
RSi 

RSi = {vs : vs £ VS, vs C S(a') n S(&i), us C p„} 

and the intervals from VS that are contained in intersection S(a') R S(&») but 
are not contained in p n with GSi 

GS, = {vs : vs £ VS,vs C S(a') n S(6 4 ), C\p n = {}} 

We have that \RS t \ = r t 2 m+h and \GS l \ = g t 2 m+h - Let's say that for the 
first x nodes in set {b\, . . . ,b z } the intersection S(a') n S(&») contains both 
the sequences from the interval p n and the sequnces not in p n , that is both 
RSi ^ {} and GSi 7^ {} for i G [1, x]. For the remaining nodes the intersection 
S(a') n S(6,) contains either the sequences in p n or the sequnces not in p n , that 
is either RS t = {} or GSi = {} for i £ [x + 1, z]. 
Denote /; = and o t = 2 m - f l {r l + gi). 

Define a set of indices {n , n\, . . . , n x }. Set n = and for the rest set 
n.i = rii-i+2oiri2 h . For a given i £ [1, z] the VSj will contain the same number 
of elements, VS*| = 2 h (ri + gi, for most j £ [l,2 m ] except for the j defined 
by the indices {no, n\, . . . , n x }. For i G [2, x] the VS* ^ 2 /l (ri + gi) only for 
j G [ni_2 + l,ni]. For i = 1 the j on which the number of elements in VSj 
is different from 2 h (n + gi) depends on wether there are some leaf nodes bj 
for which the intersection S(a') D S(bi) contains only sequences in p n or only 
sequences not in p n . If there are such nodes then x < z, otherwise x = z. 

In case x = z, for i = 1 the VSj ^ 2 h (ri + gi) only for j G [1, ni] U [n x -\ + 

In case x < z the VS] ^ 2' l (ri + .91) only for j G [l,m] and the VSj +1 ^ 

2 ft (?"£c+i + g x +i) only for 7 G [n x _i + l,n x ]. For z G [x + 2, z] we will have 
\V S)\ = 2 h {n+gi) for d l\j£ [l,2 m ]. 

{1 %J 1 — z 

. Denote i' — next(i). 
i + 1 otherwise 

Define PS 1 , = J ^ ^ ^ ^ ^. We have that for i £ [l,x] the PS, is 
I GSi otherwise 

always RSi since both PSi and GSi are nonempty. For i £ [x + 1, z] either PSi 
or GSi are empty and PSi is the nonempty of the two sets. 
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For each i G [l>x] for the j in the first half of the interval + l,rij], 

that is the interval [rii_i + 1, rii — Oiri2 h ], we put 2 h (ri + gi) + 1 elements from 
RSi into VS} and in the second half of of the interval [n,_i + 1, n,], that is the 
interval [n^ — OiTi2 h + 1, nj, we put 2 /l (?"i — 1 elements from GSi into VS}. 
At the same time for the j in the first half of the interval + 1, n,] we put 
2 /l (7v + gi>) — 1 elements from PS? into VS} , and in the second half of that 

interval we put 2 ft- (rv + <7i') + 1 elements from PSi> into VS} . In the remaining 
VS} we put 2 h (ri + gi) elements from VS and all of these elements are either 
from GSi or from RSi. 

The construction of VSj is: 

• For i € [1, x] for j 6 [rij_i + l,m — o i r J ;2' 1 ] we have |VS}| = 2' i (r 4 + gj) + 
1, VS} G PS t and 1 75}' | = 2 /l (rv + g v )-l, VS}' C PS t - 

• For i G [1, ar] for j G [m - Ojr;2 ft + l,n,] we have |VS}| = 2 h (r l + g^) - 
1, VS} G GS 2 and |VS}' = 2 h (r z , + c^) + 1, VSj' C PS;- 

• For all the remaining VSj we have |VS}| = 2 ,l (ri + <?j) and either VS} C 
GS 4 or VS) CiJS, 



We first verifiy (Reql) for i 6 [x + 2, z]. We have that for each j G [1, 2 J 



the VS} contains 2 (n + c^) elements from PSi, and therefore 

je[i.2 m ] 

2 m + h (r i +g i ). Since for i G [x+1, z] the PSi contains 2 m+h (ri+gi) elements and 



1J vs — S(a') n S(bi) we have that the (Reql) is satisified for i G [x + 2, z]. 

For i = x + 1 we have that for j in the first half of interval [n x -\ + 1, Ji x ] 
the VSJ +1 contains 2 h (r x+ i + g x +i) — 1 elements from PSi. for j in the second 
half of interval [n x -i,n x ] the VSJ +1 contains 2 h {r x+ \ + g x +\) + 1 elements 
from PSi and for all the other j the VSJ +1 contains 2 h {r x+ \ + g x +\) elements 

from PSi. Therefore £ |VSJ +1 = 2 m+h (r x+1 + g x+1 ) and the | (Reql) | is 

j£[i,2">] 

satisfied for i = x + 1. We also have to show that that n x < 2 m . We have 
2 m = 2' l + 1 (^(r l + gi)) 4 . We have = £ 2o i r i 2 h and since < r, ; + ffl we 

i=l ie[l,x] 

have n x < 2' 1+1 2 (^+.9«) 2 - 
ie[i,x] 



We now verifiy (Reql) for i G [l,x]. From fi = r . + ° { we have that |PS^ 



n2 m+h = hn2 h {n + g l ) + o in 2 h and |GSi| = 9l 2 m+h = {f i9i + 0l )2 h {n + 9i ) - 
0i n2 h . Note that fcn + f igi + o t = 2 m . 

There are fin sets VS] such that VS* C RSi. Of those fin sets there are 
OiTi2 sets that contain 2 h (ri + gi) + 1 elements from RSi, these are the sets VS} 
where j is in the first half of the interval [rii—i + 1, rti].The remainder of the sets 
contain on average 2 h (ri + gi) elements. That is if i = 1 and z > x each of the 
remaining f\r\ — o\T\2 h sets contains exactly 2 h [r\ + g\) elements from PSi. 
If i = 1 and x — z then for j in the first half of interval [n x -i + 1, n x ] the VSj 



10 



contain 2 h (ri +gi) — 1 elements and in the second half they contain 2 h (ri+gi) + l 
elements from RS\. The remainder of the for\—o\r\2 h — (n x —n x ^\) sets contain 
exactly 2 h (ri + gi) elements from RS\. If i G [2, x] then for j in the first half 
of interval [rii_2 + l,nj_i] the ViS] contain 2 /l (ri + gi) — 1 elements and in the 
second half they contain 2 h (ri + gi) + 1 elements from RSi. The remainder of 
the fori — Oiri2 h — (nj_i — rii-2) sets contain exactly 2 h (ri + gi) elements from 
RSi. Therefore for each i G [1, x] we have that the number of elements in VSj 
which are subsets of RSi is exactly the number of elements in RSi. 

We also have to show that fori — Oiri2 h — (rii-i — rii-2) > and that fori — 
o\r\2 h — (n x — n x -\) > 0. We have for any i,k G [1, ac] that Oiri2 h + (rifc — 

nu-x) < 3( max {r^ + gi]) 2 2 h . On the other hand we have for any i G [1, x] that 

»e[i,x] 

2 h+1 ( max {n+gi}) 4 - max {ri+fli} 

f, > ' £|1,x] p — , . Since max |r, +0,) > 2 we have that 

max {r I+3l } i G [l,x] 1 * J ~ 

2 h+1 (max {n + gt}) 3 > 3( max {r, + g i }) 2 2 /l + 1 and therefore fo > o i r l 2 h + 

i£[l,x] i£[l,x] 

(n fe - Uk-i)- 

There are fogi + Oi sets such that VSj C GSi. Of those + Oj sets there 
are o,rj2" sets that contain 2 h (rj + <?j) — 1 elements from G5i, these are the sets 
VSj where j is in the second half of the interval + 1, n,]. The remainder of 
the fogi + Oi — Oiri2 h sets contain exactly 2 h (ri+gi) elements. Therefore for each 
i G [1, x] we have that the number of elements in VSj which are subsets of GSi is 

exactly the number of elements in GSi ■ We have that 1J VSj = GSi U RSi 

je[i,2"] 



and since (J us = S(a') D S*(6i) we have that (Reql) is satisified for 
j G [1,2:]. 



We now verifiy the requirement (Req2) For each j G [l,2 m ] we have that 



either for all i G [l,z] the sets VSj contain 2 h (ri+gi) elements or there are some 
two indices ip,im such that \VSf\ = 2 h {r ip +g ip ) + l , \VS* m \ = 2 h (n m +g im )-l 
and for all other i, i G [1, z] \ {ip, im} we have \VSj\ = 2 h (ri + gi). 

It follows that for each j £ = £ 2' i (r l + = 2 ,l+d . Since 

<e[i,«] «e[i,z] 
each of the 2 h+d intervals has measure \{vs) = 2 _i ( t0 ( a ))- d - m ~ h we have that 

X{(]UVS)) = 2- m X{S(a')). 



Verifying (Req3) is straightforward from the construction since in each of 



the sets VSj we put elements either from set RSi or from GSi 



We now verify (Req4) Denote 

X(w)X{UVSj) 
k ' j = 2-™(\(S(a')) + L(a'))(X(S(bi)) + L(6 4 )) 

Since X{UV S)) = |y,S'j|2-K»(a'))-d-m-/> we have that 

{2 h {r i +g l )-l)2- l(w{a '^- d - m - h < X{UV S)) < (2' l (r i +.g i ) + l)2"' (tu(a ' )K ^ m "' 1 
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From X(S(a') n S(bi)) = 2- i M a '»- d (r l + g t ) we get 

* i "(A(5( a '))+i(a'))(A(5(6 i )) + ^i)) ~ ^ ~ * i+ (A(5(a')) + L(a'))(\(S(h)) + L(b t )) 

From © we have ^sWWfS^wS^J^m ~ 2 ' We have U ~ 2 ~ H+1 ~ ~ 
ti + 2~ h+1 and therefore 1 — cs < t{ j < 1 + cs. 



2.5.2 

Since the sets of sequences in nodes of the strategies and p n are clopen sets there 
is some integer d such that there is a set of basic intervals 

V = {v: X(v) = T d , v C p n Y.vC\p n = {}, 3u,r, u G LTN^, r G £TS,f , u C S(tt)n£(r)} 
We have that U v = U = U S(r). Denote 

v€V uGLTN^ r^LTSS 

VR = {v : v G V, v C Pn }, VG = {v : v G V, vCip n = {}} 

we have that V = VR U VG. Index the nodes in LTN£ and LTS^, LTN^ = 
{oi, . . . , a 2a }, LTS^ = {bi, . . . , b zb }. Denote 

AMA(%)n%-)) a- G LTN A b G LTS B 

l * (A(5( ai )) + L(a i ))(A(5(6 i )) + 1 iV « 

We have that 1 - cs < tj < 1 + cs if S^Oj) n ^ {}. Find integer /i such 

that h > 2d and 



Vi,j, ie[l,za], j e[l,zb],l-cs <t){l-2- h+d+1 ), t){l + 2- h+d+1 ) < 1 + cs 

(10) 

Denote 

VRat = {v :v £ VR, v C S^), a, G LTN^}, ra, = \VRm\ 
VGdi = {v : v G VG, v C S( 0i ), a, G LTN^}, ga z = \VGen\ 

Denote 

V-R&* = {w : u G VR, v<Z S^), b, G LTS%}, rb t = \VRh\ 

VGh = {v : v G VG, v C 5(6i), &< G LTS^}, gh = \VGb z \ 

Index the basic intervals in VG. VG = {w<7i, . . . , vg z }. Each of the basic 
intervals in VG is a union of 2 h basic intervals of measure 2~ d ~ h . Denote 

VGS = {v : X(v) = 2- d - h , 3v' G VG, v C u'} 
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Index the basic intervals in VGS, VGS — {vgi.i, . . . ,%2 i >} so that for vgij G 
VGS there is vgt G VG, vgij c vgi. Each of the basic intervals in VGS is a 
union of 2^ basic intervals of measure 2~ d ~ 2h . Denote 

VGSS = {v : \{v) = 2- d - 2h , 3v' G VGS, v c v'} 

Index the basic intervals in VGSS, VGSS = {u<7i,i,i, . . . , U5 z ,2 h ,2 h } so that f° r 
v 9i,j,k G VGSS there is vgij G VGS 1 , C t><7i,j- For each a, G LTN^ 

we add child nodes such that the leaf-nodes a^j have measure A(aij) = 2~ d . 
There are 2 d ~ l(w(cti ^ leaf nodes added to each a 2 , {a^i, . . . , a { 2 d-i(o i )}. For 
j G [l,rai] we set S(aij) = v, v G K-Rdj and for f G [l,raj], j' ^ j we have 
S(dij) ^ S(a,ij'). For leaf-nodes 0i, rOi +i, . . . , a i 2 d-i(w(a i )) we distribute basic 
intervals from VGS among them. Define 



nexta(j) 




if j = 2 d_ '(" , (° i )) 
otherwise 



Define 

nextv(i,j) 



(min{o : vg a G VG, vg a C S(oj), o > i}, 1) if j = 2 h 
+ otherwise 



StepO: 

For all j G [raj + 1, . . . , 2 d - z (" , ( a *»] set S(a h3 ) := {} 

set j := ra. t + 1, (w, x) := (min{o : vg G VG, vg C S(di)}, 1) 

Stepl: 

Set ^(ajj) := S(a itj ) U vg^, G VGS 

If x = 2 h and u; = m«i{o : vg a G VG,vg a C S'(aj)} finish, otherwise set 
x) := nextv(w,x), j :— nexta(j) and goto Stepl 

For each 6, G LTS„ we add child nodes such that the leaf-nodes bij have 
measure X(bij) = 2~ d . There are 2 d— ^'"'^^^ leaf nodes added to each bi, 
{6i,i, . . . , b i 2 d-i(^{bi)) }. For j G [1, r&i] we set S(bij) = v, v G Vi?Oi and for j' G 
[1, r6i], j' ^ j we have S (&*,.,•) ^ S(b itj >). For leaf-nodes bj^+i, . . . , b i 2 d-nw(. bi » 
we distribute basic intervals from VGSS among them. Define 



nextb(j) 




if j = 2 d ~ l( + w( + bi ^ 
otherwise 



Define 



nextv(i,j, k) 



(min{o : vg D G VG, vg Q C S(b t ), o > i}, 1, 1) if j = 2 h , 
{i, j + ifk = 2 h 

(i,j,k + l) otherwise 



StepO: 

For all j G [rb t + 1, . . . , 2 d -^^))] set := {} 

set j := rbi + 1, (to, x, j/) := (min{o : vg Q G FG, wg C £(£>»)}, 1, 1) 
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Stepl: 

Set S(bij) := S(b it j) Uvg WjXty , vg w , x , y E VGSS 

if y = 2 h , x — 2 h , w — max{o : vg a E VG,vg C S(bi)} finish, otherwise 
set (w,x,y) := nextv(w,x,y), j := nextb(j) and goto Stepl 

For some leaf-nodes bj t i where k E [rat + 1, 2 d ~'( tu ( ai ))] J 2 £ [r&j + 
1, 2 d -K«'fe))], S(oi) n S(b/) {'}, S(oi) n 5(6,) g p„ denote 

E = {v:v eVG,v c S(ai)nS(bj)} 



ES = {v:vE VGS, v C S(cn,k) n 5(6j)} 



We 



ESS = {v:vE VGSS, v C S(a itk ) n S(6 ilfc )} 
have \E\[£-\ < \ES\ < \E\([£-\ +1) and \ES\[£\ < \ESS\ < 



\ES\( 

From 
have 



2" 



+1), A(S(aOnS(&,)) = 2- d |S| and \(S(at, k )nS(b jtl )) - 2-*- 2h \ESS\. 

- and oa-i < gai < 2 d , obj < gbj < 2 d we 



2 h 


_ 2 h -oat 


2 h 


gai _ 


gai ' 


. 9 h o . 



2 ll -ob 



gbj 



KSia^n Sib,)) < < A(S(a i)n %)) 2 , +1 _, 

From A(5(a 4 , fc )) = 2~ d = £§S and © we have = iM L ( a *) + 

ra, rlf+^i] ) and K S i a i,k)) + L(ai,k) = 5^(A(5(o<)) + i(o»))- Analoguosly we 
have A(5(V/)) + £(& W ) = ^(A(S%)) + £(&,•)) 

Denote 

,t,A A(w)A(5(a i;fc ) n S(b jt i)) 



3,1 



{X(S(a itk )) + L(a itk ))(X(S(b jtl )) + L{b u )) 



from dTUJ) we have 1 — cs < t- \ < 1 + cs. 
2.5.3 

For node v E LTSf denote g(v) = ^ms(v)/(L(v) + A(5(«))). We show that 



> ^-TTZrC 1 ~ 9(v))(MS(v)) + L(v)) 



(11) 



2cA(w) 

For v € LTSf we have = 0, ms(v) — m, S(v) — w and (JTTJ) is valid. 

Assume that for some node v' E LTSf ([TT]) is valid. For v E LTSf+ v v' -< v 
we have from ([7]) that 

ms(v) = (ms(v') - Am)X(S(v))/X(S(v') \ Pi ) 

where Am = d B (a',v'). From J5|) we have 

a'GLTNf 1 



L{v) + \(S(v)) = (L(v>) + S(v'))X(S(v))/X(S(v') \ Pi ) 



(12) 
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From we have 

g(v) = ^-(ms(v') - Am)/(L(v') + X(S(v'))) 
m 

From ©, Am < 2c\(S(v') Hpi)) and the assumption that (JTTJ) is valid for v' 
we get that (jTTJ) is valid for v. 

Denote the remaining mass for node v after MAS j with msj(v). We have 
that msj{v) — ms(v) — "^2 d B (u,v). Denote gj(v) = A ^ msj (v) / (L(v) + 

u£E v j 

S(v)). 

From J2 d B {u,v) < 2c £ \{S{u) n S(v)) and (JTTJ) we have 

L(v) + J2 A ( 5 W n S ( v )) * ^r(! - 9 3 (v))(L(v) + S(v)) (13) 

If in some iteration i in some MAS j the pair of nodes (u, v) was picked, 
lnp(i,j) — (u,v), then since X(S(u) n S'(w)) > id (tt,u) we have from @ 
that L(u) + S'(u) > 2c(1 " cs) (/ - /')• From (E9) we have that 

L(„) + £ A(5K) n g( P )) > ™' - (1 - gj _0(/ - f) (14) 

u' EEvj — i 

If for this pair of nodes we have d A (u,v) > 0, from definition of MAS we have 
two cases: 
(easel) 

d A {u, v) = 2c\(S(u) n S(v)), d B {u, v) = 
We have that gj-\ < f < 1 and from (TlH) we have 

\(S(u)nS(v)+L(v)+ HS(u')ns(v))) > — m / A i-f')(f-f ) 

J-T 1 AX(w)c\l + cs) 

since X(S{u) n > 0. We have 

— (1 - f')(f - f) > — m2<yl (1 - f')(f- f) 

since < cs < 1. 
(case2) 

d A (u,v) + d B (u,v) = 2cX(S(u)nS(v)), d B {u,v)>0 (15) 

We have that d A (u, v) = ^(/ - f')(L(u) + S(u)). Since /' = gj we have that 
d B M = ^{ gj _ x -f>)(L(v) + S{v)). From @ we have (Z(u) + S(u))(L(t;) + 
> jJT^HSiu) n Since (H) 

(L(u) + S(u))(L(w) + S(v)) m 



(/ - /0(i(u) + S(u)) + fe-x - /')(£(«) + 2c(l + cs) 
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By minimizing the value (L(u) + S(u))(L(v) + S(v)) in previous expression we 
have 



(L(u) + S(u))(L(v) + S(v)) > 2( - " J 2 (/ - - /') 



-2c{l + cs) 

From © we have \{S{u) n S») > i j^y 1 (£(u) + + S{v)) and 

therefore 

A(5(„)n5(,))> 2A( g-^ )2 (/-/)(„,-,-/') 

Since < cs < 1 we have from (TH)) 
A(5(«)n5(«))+£(t;)+ £ A(SV)nS(«)) > Tvfw^l2 (W)(/-/') 

2.5.4 

For some u' G LTSf we have from © £ A (<S») = K S i v ') \ Pi)- If 
S( v ') \Pi {} n ' om © we have 



L(v) = L(v') + X{S(v')n Pi ) 



If S(v') C ^ then there are no nodes v G LTS^ +1 such that u' -< u. For some 
n' < n and i>' 6 LTS^, we have 



£ £ (£(«) + A(5(«))) + 

n 

(L(v) + \(S(v)n Pn )) = l(u') + n Pl ) 

veLTSB , v ' -<v i=n' 

For some n and some prefix-free set of nodes V — {v : 3i, i < n, v E LTSf , v' G 
V => u/«'At)'/»} denote iVV* = {u : i> G LTSf, S(v) C K , Vu' G V, i>' ^ 
v, w ^ w'}. From = 0, 5(6) = w, P C w we have 
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5^(L(«) + \(S(v) n Pmdl{v) )) + 

vev 

E E A(S(«)np,) + 

uEVi£[indi(«)+l,n] 
n-1 

E E (i(«) + A(S(w))) + 

E £(«) + A(5(«)np n ) = P„ 

Therefore 

E(£(«) + A(5(«) np mdlW )) < P„ 
vev 

For some set of nodes AV = {oi, . . . , a„}, a* -< dj+i, G LTNf there is a 
set of nodes -BV^ = {u : 3i, indi(v) — i, S(v) (~l S'(oi) C j>j}. 

For a' G LTNf; b' G LTSf we have that if S(b') D S(a?) C then for all 
j > i, a" G LTNf, a' -< a", b" G LTSf , 6' -< 6" we have S(a") n 5(6") = {}. 
We also have that if v, v' G LTSf then u/d'As'/d and therefore we have 
u.D'eW =>■ u'Au' 7^ u. Therefore X] ( i ( u ) + A(5 , (u)np mdj(t , ) )) < P n . 

veBV 

Since for v G BV, a m j,(,j G AV^ we have 

A(5(a md4( „)) n S(v)) + E A (SV) n ^ A(5(») npi„ diM ) 

It follows 

E (L(v) + X(S(v) n a mdl[v) ) + E A(S(«') n S(«))) < P„ 

2.5.5 

For some leaf-node pair (u, u) that was picked in MAS j of iteration i, lnp(i, j) — 
(u,v), denote with f(u,v) the value 

f(u,v) = ^-^ms indj( ) _ 1 (u) / (X(S(u)) +L(u)) 
m 

and with f'(u, v) the value 

f'(u,v) = ^—^-rns indj ( u . v) (u)/(X{S{u)) + L{u)) 
m 

From (JHJ) we have that 
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x(S(u)ns(v)) + L{v)+ x(S(u')ns{v)) 

> const ( 1_ /'("»«))(/(«>«) " /'(«.«)) 

(u,ti)ei? 

We have that f'(u,v) ^ /(tt,u) iff u) > 0. Denote the remaining mass 

of a node u 6 LTN^ after the last MAS of iteration i with ms'(u). The 
mass of a node before the first MAS of iteration i is ms(u). For two nodes 
u G LTNf, u' G LTNf +ll u -< v! we have from © and (12) ms(it')/(A(5(u')) + 
L{u')) = ms' (u) I (X(S (u)) + L(u)). Therefore we can order the node pairs in 
F = {(ui,vi), . . . , (u n ,v n )} so that f(ui,Vi) = f'(ui-i,Vi-i) and /(iti, «i) = 1. 
From the assumption that the mass of node u n after MAS t of iteration r is 
non-positive we have f'(u n ,v n ) < 0. Denote with A; = f(ui,Vj) — f'(ui,Vi). 
We have 

J2 (l-f'(u,v))(f(u,v) -f'(u,v))= £A 4 ^A, 
(u,v)ef te[i,n] ie[i.i] 

Note that 

n i n n 

2—1 J= 1 i=l 2—1 

n 

and since > 1 we have 

E a -/'(«,«))(/(«,«) -/'(„,»))>! 

(«,«)£F 

References 

[1] M. Li, P. Vitanyi An Introduction to Kolmogorov Complexity and Its 
Applications, second edition Springer, 1997. 



18 



